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Method for Nonlinear Optimization
with Discrete Design Variables

Gregory R. Olsen*
Failure Analysis Associates, Palo Alto, California

and
Garret N. Vanderplaatst

VMA Engineering, Santa Barbara, California

A numerical method is presented for the solution of nonlinear discrete optimization problems. The applicabil-
ity of discrete optimization to engineering design is discussed, and several standard structural optimization
problems are solved using discrete design variables. The method uses approximation techniques to create
subproblems suitable for linear mixed-integer programming methods. The method employs existing software for
continuous optimization and integer programming.

Introduction

MATHEMATICAL optimization techniques have become
increasingly important in engineering design. The field

of structural optimization has grown steadily in recent years
particularly in the aerospace industry, where weight reduction
is of paramount importance. In 1960, Schmit proposed the use
of mathematical programming techniques to automate the
design of nonlinear inequality-constrained structures.1 The
process was termed "structural synthesis," and today numeri-
cal optimization techniques are used in a variety of structural
design applications. Among optimization codes, general-pur-
pose programs that combine finite-element analysis and math-
ematical programming techniques are of particular interest.

A common limitation of existing structural optimization
approaches is the requirement that the design variables be
continuous. Each design variable must be allowed to assume
any value within its bounds. This restriction excludes the large
category of problems in which the design variables may only
assume discrete values from a predetermined set. Discrete
variable problems abound in structural engineering design.
Often, practical designs must use only those components that
are available from a manufacturer's inventory. Therefore,
only certain member sizes, pipe diameters, or panel thick-
nesses produce meaningful designs. Composite structural
design often involves design variables that must be integer
valued—for instance, the number of plies in a laminate. To
date, no completely satisfactory methods exist to solve discrete
nonlinear optimization problems.

Schmit and Fleury2 use dual methods to solve the discrete-
continuous variable problem. This procedure has the attrac-
tion that it deals with a separable approximation to the origi-
nal problem and is therefore quite efficient. On the other
hand, because the discrete variable problem is nonconvex,
dual methods do not guarantee an optimum. However, if the
available discrete values are closely spaced, this approach can
be expected to reliably find a very near optimum solution.

Various other methods have been proposed, usually based
on the classical branch and bound approach. This has the

Presented as Paper 87-9789 at the AIAA/ASME/AHS/ASEE 28th
Structures, Structural Dynamics and Materials Conference, Mon-
terey, CA, April 6-8, 1987; received April 20, 1987; revision received
Oct. 5, 1988. Copyright © 1989 American Institute of Aeronautics
and Astronautics, Inc. All rights reserved.

* President. Formerly Graduate Student, Mechanical Engineering,
University of California, Santa Barbara. Member AIAA.

tEngineer. Associate Fellow AIAA.

advantage of a solid theoretical basis, at the expense of solving
a large number of optimization subproblems. A recent exam-
ple is contained in the method presented by Mesquita and
Kamat,3 which offers some innovative modifications to
Dakin's method4 to improve efficiency.

A method is presented here to provide a practical approach
to the nonlinear discrete optimization problem. The method
employs established operations research techniques and is
intended to augment existing continuous optimization ap-
proaches.5

Discrete Design-Variable Problem
The general formulation for a problem having discrete vari-

ables is presented here. It should be noted that many problems
are actually mixed—they contain both discrete and continuous
design variables. The following formulation accommodates
the mixed case. The general problem statement is find the set
of design variables that will

Minimize

Subject to

where

F(X) (1)

<0 j = l,m (2)

1 = 0 * = !,/ (3)

X = (X19...9XP9XP+19...9XH)T (4)

where p is the number of discrete design variables, n the total
number of design variables, dy the /th discrete value for design
variable /, Xfc the lower bound for design variable k, and X%
the upper bound for design variable k.

Initially one might suppose that, since fewer possible solu-
tions exist, the discrete problem may be easier to solve than the
continuous problem. However, except for the most trivial
cases, the discrete problem presents a great increase in diffi-
culty. In general, the discrete design space is disjoint and
nonconvex. Thus, standard mathematical programming tech-
niques and mathematical optimality criteria cannot be applied
directly.
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In a purely discrete problem, one could conceivably test
every possible combination of design variables and select the
best optimum. This process, called enumeration, will certainly
find the optimum to the discrete problem. Consider however,
a problem of 10 design variables where each variable may
assume one of 10 values. Ten to the 10th power possible
solutions exist. Even with the tremendous computing power
available today, this approach is much too costly, especially if
a complete finite-element analysis must be executed for each
combination.

The most common approach to discrete variable problems
in engineering design is rounding. The design variables are
treated as continuous and, once the optimum is found, the
design variables are rounded off to the nearest available dis-
crete values. Caution must be taken to insure that the round-
ing does not violate constraints. In the structural design, this
task can usually be accomplished by rounding up to increase
the member sizes. Obviously, the insight of the engineer can
help in making good rounding decisions, and rules of thumb
are available in some texts.6 Rounding off in any form, how-
ever, fails to provide any certainty of optimality. As the num-
ber of design variables is increased, rounding becomes more
difficult. Even the most efficient optimization procedure is of
dubious value if the final design must be chosen in such an
uncertain manner.

Rigorous and practical mathematical methods for solving
nonlinear discrete and mixed-discrete optimization problems
are not readily available. Linear discrete optimization meth-
ods are well developed and successful. Integer programming is
an area of extensive study in operations research. Textbooks
on the subject are abundant, and many general algorithms
have been developed. Commercial programs are available to
solve linear mixed-integer optimization problems, and these
programs are used extensively by city and regional planners
and resource managers to solve a variety of problems.

Since nearly all engineering problems are nonlinear, it is no
mystery why linear integer programming techniques are not
commonly used in engineering design. Also, many of the
models used in integer programming formulations are ill-
suited for engineering problems. However, while integer pro-
gramming techniques cannot be directly applied to the stan-
dard engineering design problem, they provide tools that can
be used with nonlinear continuous optimization techniques to
provide practical approaches to nonlinear discrete optimiza-
tion. The typical engineering design problem has several char-
acteristics that make these approaches plausible:

1) Discrete engineering problems can usually be analyzed as
continuous. Although a 3.5-ply lamina cannot be constructed,
the values of the objective and the constraints can be calcu-
lated in the analysis. Most problems that arise from an avail-
able size requirement fit into this category.

2) Engineering problems generally have a small number of
design variables. "Small" here is in comparison to linear
operations research problems, which often have thousands of
design variables.

3) Derivative information is available since it is used in
almost every continuous optimization procedure. Some analy-
sis routines, including a few finite-element codes, include ana-
lytic or semi-analytic gradients.

Sequential Linear Discrete Programming (SLDP)
The SLDP method begins with the creation of a linear

mixed-integer approximate problem from the nonlinear dis-
crete problem. Existing integer programming techniques are
then used on the approximate problem directly. A series of
approximations and optimizations is carried out until conver-
gence occurs. This procedure has two very attractive features:

1) Advanced software capable for efficiently solving linear
mixed-integer problems already exists. These programs are
well tested and reliable.

2) For each complete mixed-integer optimization, only a
single nonlinear analysis must be completed, together with a

sensitivity analysis. When an extensive finite-element analysis
is required, the cost of the analysis usually dominates other
computational costs.

To understand the SLDP method better, first consider the
Sequential Linear Programming Method (SLP) for nonlinear
continuous optimization.7 In the SLP approach, a problem is
linearized and the approximate linear problem is solved using
linear programming or equivalent methods. The approximate
solution is then used as the seed point for a new linearization
and new linear programming problem. The process is repeated
until a satisfactory solution is found. This procedure was
proposed in 1960 by Kelley8 and exists as an option in the ADS
program.9

The addition of discrete variables does not fundamentally
change the sequential linear programming process. Consider
again the general nonlinear discrete problem statement given
by Eqs. (1-6).

Now linearize this problem about a point X° using a first-
order Taylor series expansion. The resulting approximate
problem is:

Minimize

Subject to

F(X) = F(XQ) - dX (7)

gj(X) = gj(X°) + Vgj(X°) • dX < 0 j = 1 ,/n (8)

M^) = M^°)+VM^-SA^O A:-!,/ (9)
where

6^ = *-*° (10)

^ = (*i,...A^,A^+i,...,A^) (11)
V'O i £ \r f- (J /I J \ ; _ 1 ,-1 M^A/ + OA/c (f*i\ ,u/2,... ,u;(? j i — 1,/? ^ 1Zj

The approximate problem remains intractable since some of
the design variables are discrete and noninteger. A transfor-
mation provides the remedy.10 Since each Xf can take on one
of several values (dnjdi2,...,diq)9 the following construct can be
made:

i = Ziidn + zada + ... + ziqdiq

with

and

Zij -0 or 1 j = 1,<

(14)

(15)

(16)

This expression for Xf can be inserted into the linear approxi-
mate problem, yielding

Minimize

p aF r / * \
Z7/Vr\ ~ CY\^0\ i V* I V v rt \ y°F(X) = /?(*)+ i, — I L,zudu) - X,

(17)

Subject to

(18)
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[Note: hk(X) will have the same form as gj(X).] Now

/= 1

Zij = 0 or 1

i = lj> (19)

all /and j (20)

k =/? + !,« (21)

Both the Zij and AV are design variables.
The problem is now in a form suitable for mixed-integer

programming techniques. Several decisions can now be made.
The linearization point X° needs to be chosen. An assump-

tion is made that the discrete optimum is in the vicinity of the
continuous optimum. Therefore, a logical first step is to opti-
mize the true problem with all design variables treated as
continuous using a nonlinear optimization program. It is not
essential to find the precise optimum to the continuous prob-
lem, as will be seen from the examples. The purpose of the
continuous optimization is simply to reach the vicinity of the
discrete solution and to provide a good starting point. The
continuous optimum is thus used for the initial value of X°.
This choice, however, fails to guarantee a feasible discrete
solution.

Instead, in the present method, the Xf from the continuous
optimum are rounded (usually in a direction away from con-
straint violation) to provide an initially feasible discrete solu-
tion for X°. For all future linearizations, the result of the
preceding approximate optimization is used for X°.

In the general approximate formulation, the entire set of
available discrete values for each variable is included. An
intelligent option is the use of a truncated set of discrete
possibilities. A truncated set has several justifications:

1) It is assumed the present solution XQ is in the vicinity of
the discrete optimum. Discrete values distant from the values
in X° are unlikely members of the optimum set.

2) The Taylor series approximation is most valid in the
vicinity of the present X°. Move limits of some sort should be
imposed to prevent extreme constraint violation.

3) Inclusion of more possible discrete values in the approx-
imate problem does not necessarily improve the final solution
to the true problem.

4) A truncated set reduces the size of the approximate prob-
lem and hence improves efficiency.

In this study, each discrete design variable is allowed three
possibilities: its present value, the adjacent higher value, and
the adjacent lower value. A two-variable example is presented
to demonstrate the approach:

Minimize

Subject to

^€(0.3,0.7,0.9, 1.2, 1.5, 1.8)

X2t (0.4, 0.8, 1.1, 1.4, 1.6)

X° = (1.2, 1.1)

F(X°) = 2.65

VF(X°) = (2.4, 2.2)r

g(X°)= -0.26

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

X, = Zu(0.8) + Z12(1.2) + Z13(1.5) (31)

X2 = Z21(0.8) + Z22(l.l) + Z23(1.4) (32)

dXl = Zn(0.8 - 1.2) + Z12(1.2 - 1.2) + Z13(1.5 - 1.2) (33)

dX2 = Z21(0.8 - 1.1) + Z22(l.l - 1.1) + Z23(1.4 - 1.1) (34)

~°-4Zll + 0-3Zl3] (35)-0.3Z21 + 0.3Z23j (35)

~ ng = -0.

The approximate problem becomes:
Minimize

2.65 - 0.96Zn + 0.72Z13 - 0.66Z21 + 0.66Z23 (37)

Subject to

- 0.26 + 0.28Zn + 0.21Z13 + 0.25Z21 - 0.25Z23 < 0 (38)

ZM + Z12 + Z i 3 = l (39)

Z21 + Z22 + Z23 = 1 (40)

Zij = 0 or 1 (41)

Since there are only nine possible solutions, they can be enu-
merated. The minimum feasible solution is:

Zn = 0 Z1 2=l Z13 = 0
Z21 = 1 Z22 = 0 Z23 = 0

Translated into variables of the true problem:

Xi = l.2

X2 = 0.8

F(X) = 2.08

g(X) = 0.08

(42)

(43)

(44)

(45)

(46)

The process is then repeated with (1.2, 0.8)r as the new X°.
The chosen truncated set makes for an interesting compari-

son to rounding. Consider the basic problem of rounding once
a continuous optimum is found and assume that gradients of
the objective and constraints with respect to the design vari-
ables are available. With the gradients it is possible to discern
which design variables have the most effect on the objective
function and constraints. This derivative information should
then provide a basis for an intelligent decision as to which
design variables should be rounded up and which should be
rounded down. A valid description of a single iteration of the
SLOP procedure is that it finds the best rounding combination
based upon first-order derivative information. In order to
provide a series of viable discrete designs, the SLDP procedure
does not actually round but updates an already rounded solu-
tion. The analogy, however, is conceptually valid, and the
search for an intelligent rounding scheme provided the moti-
vation for the SLDP procedure.

SLDP—The Program
Following a continuous optimization by ADS, the linear

mixed-integer approximation is carried out. The coefficients
of the variables in the approximate problem are used to create
a Mathematical Programming System (MPS) (IBM TM) for-
mat file. This format is the standard used by most commercial
linear optimization programs.



NOVEMBER 1989 NONLINEAR OPTIMIZATION WITH DISCRETE DESIGN VARIABLES 1587

.—I
m) I

P2=10000 tb P1= 100000 Ib

Fig. 1 10-bar truss: PI = 10,000 Ib; P2 = 10,000 Ib.

Table 1 10 bar truss data

Material
Young's modulus
Specific weight
Allowable stress
Minimum area

Allowed displacement
All nodes (Y direction)

Aluminum
l.OxlO 7

0.1 lbm/in.3

±25,000psi
0.1 in.2

±2.0 in.

Table 2 Allowable discrete values for test problems

10-bar truss

25-bar truss

Composite

Cross-sectional area, in.2

0.1, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5,
39.5, 40.0

0.1, 0.4, 0.7, 1.1, 1.5, 2.0, 2.5, 3.0
3.5, 4.0, 4.5

Number of plies

All integers

Fiber orientation

Continuous

o

(5.08m)

Fig. 2 25-bar truss.

Table 3 Results for 10-bar truss (SLDP method)

Design Continuous
variable optimization

no. solution
1 29.94
2 0.10
3 24.55
4 14.43
5 0.10
6 0.10
7 8.47
8 21.18
9 21.05

10 0.12

Mass (Ibm) 5079.0
Maximum constraint component
Number of function evaluations

Rounded
upward
solution

30.00
0.10

25.00
14.50
0.10
0.50
8.50

21.50
21.50
0.50

5174.6

Discrete
optimization

solution
31.50
0.10

23.00
15.50
0.10
0.50
7.50

20.50
21.00
0.10

5045.8
0.004

7

The linear optimization program LINDO11 is used to
solve the approximate linear integer programming problem.
LINDO uses a branch and bound procedure with revised
simplex. The values returned by LINDO are converted into the
values they represent in the true problem. The new ̂ vector is
used for a new linearization. An MPS file is created and a new
linear integer optimization is performed. The sequence is re-
peated until no improved designs are created.

The SLOP method cannot guarantee convergence to a dis-
crete optimum. Because of the limits of the linear approxima-
tion, the discrete optimum may not be accessible by a series
of moves from discrete solutions. The error introduced by
the linearization depends on the spacing between the discrete
values (which determined the size of bX and the nonlinearity
of the problem at the points chosen).

Typically, the SLOP process ends with the repetition of a
linear mixed-integer solution. It is also possible for the series
of discrete solutions to oscillate between two or several dis-
crete values. The number of iterations is usually small enough
to identify such a pattern and terminate execution. Choosing
the best solution from the set is then a simple procedure.

Numerical Examples
The results of several test problems are presented to demon-

strate the discrete variable optimization capability of the
method discussed. The test cases represent classical optimiza-
tion examples. The examples are not intended to represent the
scope of application of the method.

Some reference solutions exist for the 10- and 25-bar truss
examples,12'13 A comparison is difficult because of the impor-

tance of internal parameters used in numerical approaches. In
numerical optimization methods, feasibility is determined by a
constraint tolerance. The constraint tolerance is the maximum
value allowed for a constraint to be considered unviolated.
This tolerance may vary from program to program and can
affect results. In this paper, the ADS default tolerance of
0.005 was used. The maximum constraint value is listed in the
result tables for each case.

10-Bar Truss
The first example is the classical 10-bar truss (Fig. 1). The

truss material information is given in Table 1. The design
variable are the cross-sectional area of the 10 bars. Each
member is allowed a maximum stress of ± 25,000 psi and a
minimum are of 0.1 in.2 The vertical displacement of all joints
is limited to ± 2.0 in. The available discrete values of the
variables are given in Table 2.

The SADT14 finite-element analysis program is used for
analysis. This includes analytic gradient information for the
constraints and the objective function.

Table 3 shows the results for continuous optimization,
rounded-up solution, and discrete optimization solution for
the SLOP method. It is apparent that the continuous opti-
mization result is inferior to reference solutions. The nonlin-
ear numerical optimization procedure used is capable of
achieving better results than those produced. A crude conver-
gence criterion was used here to provide only a near-optimum
solution to the continuous problem. This was used to test the
discrete optimization method's abilities given an inaccurate
continuous optimization starting position.



1588 G. R. OSLEN AND G. N. VANDERPLAATS AIAA JOURNAL

Ply groups 1 and 4 have paired fiber
orientations.

Table 8 Loading information 25-bar truss

Fig. 3 Symmetry about X plane.

Table 4 Iteration history data (SLDP method)

Analysis
no.

Round up
1
2
3
4
5
6
7

10-bar truss
weight
5081.5
5052.0
5063.0
5045. 8a

5059.9
5059.9
5059.9
5059.9

25-bar truss
weight
570.7
539.5
544.0a

544.0

Composite panel
weight
2.54
2.49
2.59b

aOptimum. bNo convergence.

Table 5 25-bar truss

Material
Young's modulus
Specific mass
Minimum area

Aluminum
1.0xl07psi
0.1 lbm/in.3

0.1 in.2

Table 6 Allowable stresses 25-bar truss

Stress limited (psi)

Members
1, 10-13
2-5
6-9
14-17
18-21
22-25

Tension
40,000
40,000
40,000
40,000
40,000
40,000

Compression
-35,092
-11,590
-17,305
- 6,759
- 6,959
-11,082

Component (Ibf)
Load case

1

2

Node
1
2
3
6

5
6

X
1,000

0
500
500

0
0

Y
10,000
10,000

0
0

20,000
-20,000

z
-5,000
-5,000

0
0

-5,000
-5,000

Table 9 Results for 25-bar truss (SLDP method)

Design Continuous
variable optimization

no. solution
1 0.03
2 0.09
3 3.29
4 1.37
5 1.76
6 2.00
7 0.02
8 3.67

Mass (Ibm) 534.7
Maximum constraint component
Number of iterations

Rounded
upward
solution

0.10
0.10
3.50
1.50
1.80
2.00
0.10
4.00

570.7

Discrete
optimization

solution
0.10
0.10
3.50
1.50
1.50
2.00
0.10
3.50

539.5
0.005

4

Table 10 Composite panel data

Fiber properties
Modulus in fiber direction
Inplane modulus transverse to fiber direction
Poisson's ratio for load in fiber direction
Inplane shear modulus
Material density
Tensile strength in fiber direction
Compressive strength in fiber direction
Tensile strength in transverse direction
Compressive strength in transverse direction
Shear strength
Maximum allowable strain
Thickness of one ply in group

Loading information
1

26.25 Mpsi
1490 ksi
0.28
1040 ksi
0.056 Ib/in.
217.5 ksi
217.5 ksi
5.8 ksi

Membrane load X direction
Membrane load Y direction
Membrane load X- Y direction
Bending load X plane
Bending load Y plane
Bending coupling load

5700
5700
5700
5000
5000

0

11,400 11,400
5700 -5700

0 0
2000 0
4000 0

0 1000

potential for nonunique solutions to a discrete problem. The
iteration histories are shown in Table 4.

Table 7 Allowable displacements 25-bar truss

Nodes 1 and 2 (X,Y,Z, directions) ±0.35 in.

The SLDP method succeeded in producing a lower mass
solution than the continuous solution and the result listed in
Ref. 8 for the discrete solution. The method found the solu-
tion listed in Table 3 in four iterations after the continuous
solution had been reached. Since the constraint tolerances are
much smaller in the linear subproblem, four more iterations
took place before repetition occurred. Interestingly, all four
solutions had the same objective value, clearly displaying the

25-Bar Truss
The second example is another classical optimization test

case—the 25-bar truss (Fig. 2). Due to symmetry, only eight
different member sizes are allowed, and hence eight design
variables exist. Truss data is given in Table 5, and stress and
displacement constraints are shown in Table 6 and 7. Two
separate loading conditions are imposed, as shown in Table 8.

For this example, unevenly and widely spaced discrete val-
ues were chosen for the possibility set, as listed in Table 2. The
iteration history is given in Table 4, and the optimum member
sizes are given in Table 9. The continuous optimization solu-
tion agreed with reference solutions.

The method found the discrete solution after one iteration.
This solution had a 0.005 constraint violation, which was the
limit allowed by the program. A second solution was produced
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Table 11 Results for composite panel (SLDP method)

Design
variable

no.
1
2
3
4
5
6

Continuous
optimization

solution
12.09
32.83
14.22
11.27
9.28

55.05

Rounded
upward
solution

13.0
33.0
15.0
12.0
9.28

55.05

Discrete
optimization

solution
12.0
33.0
14.0
12.0
9.28

56.67

Mass (Ibm) 2.47 2.54 2.49

with no constraint violations; then repetition occurred. The
solution is significantly better than the rounded-up solution.

Composite Panel
The third example is a symmetric composite honeycomb

panel (Fig. 3). The outer skins are composed of four ply
groups. Each ply group has a variable number of lamina.
From the four ply groups, two fiber orientations are allowed
to vary. The other two are determined by symmetry. Various
planar and bending loads are applied. Minimization of weight
is the objective, subject to the Tsai-Wu strain failure criteria.
Panel data is shown in Table 10.

The composite panel is used to test the mixed-discrete opti-
mization capability of the method. The lamina are considered
integer variables while the fiber orientations are allowed to
vary continuously.

The SLDP method experienced difficulty with the continu-
ous design variables. The difficulty resulted in part from the
lack of a rigorous move limit scheme. More robust move limit
techniques should remedy the problem. However, it should be
noted that this is a fiber orientation .problem known to be
inherently ill-conditioned. The iterations were terminated due
to lack of convergence. The results for the composite panel are
shown in Tables 4 and 11.

The composite panel problem proved to have a very "flat"
design space. The sensitivities of the design variables in the
vicinity of the optimum were very small, which made the
search for a unique optimum difficult.

Summary and Conclusions
The results of this study show that integer programming

methods and software provide a viable means to solving non-
linear discrete optimization problems. The SLDP method suc-
ceeded in converging to discrete soutions that could not be
anticipated with conventional methods such as rounding. The
present method found these solutions at a small computa-
tional cost using existing software for continuous and linear
mixed-integer optimization.

The scope of the test cases used in this paper was not
sufficient to truly examine the general nonlinear discrete prob-
lem. Additional study is needed to better understand the ef-
fects of discrete value spacing, number of design variables,
and problem specifics of the nonlinear discrete optimization
process. In addition, an improved framework for the creation
and testing of discrete optimization methods needs to be devel-
oped. In the creation of a nonlinear discrete optimization
framework, the integration of nonlinear continuous optimiza-
tion and integer programming techniques provides a broad,
practical, and coherent foundation.
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